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Chapter I
INTRODUCTION
After the discovery of accelerated expansion of the Universe [1, 2], we require mod-
ification on gravity or introducing exotic matters which have negative pressure to explain
this phenomenon. One of the interesting choices is a scalar field which is a dynamical field
rolling down on a potential. The model is called quintessence model [3]. This is a solution
to the dark energy problem by adding a new degree of freedom to the Universe. In fact,
a scalar degree of freedom naturally arises in modified gravity. For example, in f(R)
gravity the higher order derivatives of metric acts as a scalar quantity called scalaron [4].
In addition to the mystery of dark energy, the another problem is a coincidence problem
which is why the amounts of dark energy and matter (including cold dark matter) are
in the same order of magnitude [5]. This problem indicates that there might be some
interaction between them. Thus, the idea gives a new model called coupled quintessence
model [6]. This model contains the solution as original quintessence, and also give a
new solution which is called a scaling solution. The scaling solution means the ratio of
matter density and scalar field density is equal to constant at late time, then this is one
of the possibility to solve the coincidence problem in same time with dark energy prob-
lem. Interestingly, one of the interaction forms between scalar field and matter can be
obtained from scalar-tensor theories (including Brans-Dicke theory), f(R) gravity, and
dilaton gravity via conformal transformation to the Einstein frame. Nevertheless, the
coupled quintessence has crucial problem that is in order to obtain the scaling solution
it requires a large coupling constant which is inconsistent with observational data from
CMB [6, 7].
Since scalar field couples to matter field, this leads to a new interaction force be-
tween them, so-called fifth force [8]. However, until now the fifth force has not yet been
detected, we can only press constraints on it [9]. Thus, in order to keep the idea of
coupled scalar field viable, the screening mechanism has been proposed to hide the fifth
force from observations and solar-system experiments. The screening mechanism means
that magnitude of the fifth force is suppressed comparing to Newtonian force in highly
density region or close to a massive source, whereas it recovers in low density region or
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far from the source. Namely, we can recover GR at short distance from the source or in
region of high density as in an astrophysical scale.
Until now, three groups of the screening mechanisms have been proposed. The
first group is screening by φ or an effective potential. This group consists of chameleon
mechanism [10, 11, 12], symmetron mechanism [13, 14], and dilation screening mechanism
[15, 16]. In the chameleon mechanism mass of a scalar field is proportional to local matter
density. Then, in a region of high density such as on the Earth scalar field gets a large
mass, while the mass is lighter in outer space. This leads to a short range interaction of
the fifth force. While in the symmetron or the dilaton screening mechanism a coupling
parameter between scalar field and matter depends on a field value at minimum of the
effective potential. In a high density region, for example symmetron mechanism, the
symmetry has not broken. The minimum of the effective potential is then at zero value.
As a result, the coupling parameter is also equal to zero. Herewith, the scalar field
decouples from matter in highly density region. The second group is screening by ∂φ or
kinetic term of a scalar field. The models belong to this group are D-BIonic screening
[17], kinetic or P (X) screening [18, 19, 20], and k-Mouflage mechanism [21, 22]. In this
group the screening mechanism works by domination of non-linear term of the scalar
field. Since the equation of motion of these models consists of linear term which leads
to inverse r2 fifth force and non-linear term which leads to different form of the fifth
force, there exists a scale distance where below this scale the non-linear term dominates.
Whereas at large distance from the source the linear term is dominant. The fifth force
is then screened at short distance from the source. This is analogous to the Vainshtein
mechanism. The last group is screening by ∂∂φ (second derivatives on a scalar field)
or so-called Vainshtein mechanism [23]. The mechanism is realised in many models, for
example, Galileon gravity [24], Horndeski theory [25, 26, 27], and also Massive gravity
[28, 29]. The Vainshtein mechanism works in the similar way as we mentioned in previous
group, namely, there exists a scale distance called Vainshtein radius where below this scale
the non-linear term is dominant, thus the fifth force is screened. As a result, GR recovers
at a short distance.
In addition to the dark energy problem in cosmological scale, in small scale such
as galaxy scale also has gravitational problem. Around 1970s Vera Rubin discovered
anomaly of rotational velocity of galaxies [30, 31]. From observations most of stars orbit
at roughly constant speed in stead of decreasing as the Kepler’s third law prediction. One
of the solutions to this phenomenon is the existence of unseen matter called dark matter.
Although the peculiarity of galaxies has been found in long time ago, the results of Rubin
is the first time that the existence of dark matter has been accepted. Nevertheless, the
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existence of dark matter means that we still use Newtonian dynamics to explain the
rotation curve phenomenon. The another possiblility is modification on gravitational
theories or so-called MOdified Newtonian Dynamics (MOND) which firstly was proposed
by Mordehai Milgrom in 1983 [32]. In MOND, the Newtonian force is modified by adding
the unspecified function to the acceleration, where this function tends to be unity for
large acceleration which is called Newtonian regime, such as near centre of galaxies.
For small acceleration called deep-MOND regime, the unspecified function gives another
form of force. This mechanism is applied to explain the rotation curve problem very well;
however, the MOND is rather an empirical model. Then, it might be interesting whether
the rotation curve problem can be explained by other modified gravity theories or not.
In chapter 2, we will review the relation between modified gravity and a coupled
scalar field via the conformal transformation. We will prove that the fifth force still exists
even in Newtonian limit. In chapter 3, we will review all of screening mechanisms which
have been proposed until now. In the chapter 4, we apply the chameleon scalar field which
is dark energy into galaxies scale. Although the fifth force is screened in solar-system
scale, in the galaxy scale the force might be present. We use low-surface-brightness
(LSB) galaxies for study their effects because the main contribution on rotation curves
of these galaxies come from dark matter halo, then we can ignore the stellar components.
In chapter 5, we study cosmological behaviour of D-BIonic model. We will show that
besides an usual dark energy dominated solution the D-BIonic can provide a scaling
solution which satisfy observations. Finally, chapter 6 is devotes to conclusion.
Chapter II
MODIFIED GRAVITY AND FIFTH FORCE
2.1 Modified Gravity and Dark Energy Problem
We assume that the Universe is homogeneous and isotropic, then it can be explained by
Friedmann-Lemâitre-Robertson-Walker (FLRW) spacetime:







where a is a scale factor and K corresponds to open, flat, and closed universe for negative,
zero, and positive value respectively.
According to the General Relativity, the Einstein field equation is
Gµν = Rµν −
1
2
gµνR = 8πGTµν , (2.2)
where Tµν is energy-momentum tensor. If matter and radiation in the Universe are perfect
fluid, solving the Einstein field equation for µν = 00 component and µν = ij component,
















(ρ+ 3P ) . (2.4)
The second equation sometimes is called an acceleration equation. Although matter and
radiation can provide expansion of the Universe (in matter dominated era a ∝ t2/3 and
in radiation dominated era a ∝ t1/2), they cannot give accelerated expansion (ä > 0)
because their energy densities and pressure are positive values (obviously see from the
acceleration equation).
Taking covariant derivative on the l.h.s. of the Einstein field equation, it is equal
to zero because of the Bianchi identity. Then, r.h.s. must be zero as well.
∇µT µν = 0 . (2.5)
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(ρ+ P ) = 0 . (2.6)
We assume that the energy density and pressure of perfect fluid has simple relation as
P = wρ . (2.7)
The above equation is called an equation of state, and w is the equation of state parameter.
For non-relativistic matter or dust, the pressure is negligible in comparison with the
energy density, w = 0, thus we find
ρm ∝ a−3 , (2.8)
and for radiation, we find w = 1/3 because the trace of energy-momentum tensor of
electromagnetism must be traceless. Then
ρr ∝ a−4 . (2.9)
Consequently, both non-relativistic matter and radiation densities decrease as the Uni-
verse expands.
Therefore, according to the acceleration equation we want some exotic matters
which have negative pressure and decrease slower than matter and radiation in order to
dominate at late time. Example of the dark energy candidates are cosmological constant,
Λ, and scalar field, φ. However, the cosmological constant has a problem. If it arises
from vacuum energy, its energy scale is too large comparing to observations.
The another possible solution to the dark energy problem is that General Relativity
may not work in cosmological scale, then we have to modify the gravity. For instance,
f(R) gravity which is a model that considering an arbitrary function of R instead of R.
2.1.1 f(R) gravity
We consider the metric formalism in which the Christoffle symbols, Γρµν , and metric, gµν ,







f(R) + Sm . (2.10)




f(R)gµν −∇µ∇νF (R) + gµνF (R) = κ2T (m)µν , (2.11)
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where F (R) ≡ ∂f/∂R. When f(R) = R or F (R) = 1, we obtain the Einstein field
equation as usual. Trace of the field equation gives
3F (R) + F (R)R− 2f(R) = κ2T (m) . (2.12)
This is an equation of motion of a new scalar quantity F (R). Then in modified gravity
there is a new degree of freedom arising from higher order derivatives on metric.
The f(R) gravity is equivalent to Brans-Dicke theory (BD) by the following method.







[f(χ)− f,χ(χ)(χ−R)] + Sm , (2.13)
where the term f,χ(χ)(χ− R) is the Lagrange multiplier. Varying with respect to χ, we
find a constraint equation:
f,χχ(χ−R) = 0 . (2.14)
In the case that f,χχ 6= 0, we obtain χ = R. Thus, action (2.13) becomes the action (2.10)
of f(R) gravity.
The action (2.13) is equivalent to BD theory as the following. We define














+ Sm . (2.16)
Defining a potential U(ϕ) as














+ Sm , (2.18)














+ Sm . (2.19)
Therefore, the f(R) gravity is equivalent to BD theory with ωBD = 0. The BD theory is
a prototype of scalar-tensor theory which is an alternative theory to General Relativity.
In BD theory, gravitational coupling G which is constant in GR is treated as dynamical
scalar field ϕ. Thus, scalar field ϕ and tensor R couples non-minimally, so-called non-
minimal coupling. This is why we call scalar-tensor theory.
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2.1.2 Transformation to the Einstein frame




where tilde represents Jordan frame quantities, A(x) is an arbitrary function of spacetime
coordinate x. The conformal transformation is a local change of scale or distances. Then
it acts on metric only, it does not change spacetime coordinates xµ.
For 4 dimensions, we find
R̃ = A−2R− 6gαβA−3∇α∇βA , (2.21)































F̃A2(R− 6 lnA− 6gαβ∇α lnA∇β lnA)− A4Ũ
]
+Sm(A
2gµν , ψm) .
(2.26)














2(φ)gµν , ψm) , (2.27)
where we define κ√
6
φ = lnA, and





−gφ is a total divergent term, then it can be removed by divergence
theorem.
Consequently, we obtain the Einstein-Hilbert action with a scalar field coupled to
matter field. Varying this action, we find Einstein field equation as usual, except there










This means that we now consider modified matter instead of modified gravity. Another
point we have to mention here is that in f(R) gravity matter field couples to g̃µν in Jordan
frame, but in the Einstein frame matter field couples to both gµν and scalar field φ (scalar




Therefore, the coupling constant between scalar field and matter field is 1/
√
6. In fact,
this number arises from demanding that a factor in front of kinetic should be 1/2, then
the coupling constant can be arbitrary value in general case.
2.2 Fifth Force from Conformal Transformation
If a particle moves along geodesics in conformal (Jordan) frame, i.e.,
¨̃xµ + Γ̃µαβ
˙̃xα ˙̃xβ = 0 . (2.31)
After transformation to the Einstein frame the particle will not move on geodesics in the










Then, geodesics in the Einstein frame is given by
ẍµ + Γµαβẋ
αẋβ + A−1(∂νAẋ
ν)ẋµ − A−1∂µA(ẋαẋα) = 0 . (2.34)
Considering an acceleration (force on a test mass) by choosing µ→ i,
ẍi + Γiαβẋ
αẋβ + A−1(∂νAẋ
ν)ẋi − A−1∂iA(ẋαẋα) = 0 . (2.35)
Since ẋµ = Uµ = γ(c, vi), we have
ẋαẋ
α = −c2 (∵ timelike) ,
ẋ0ẋi ∝ cv ,
ẋjẋ
i ∝ v2 .
In non-relativistic limit, v  c, we can ignore the term A−1(∂νAẋν)ẋi comparing to the
term A−1∂iA(ẋαẋ
α). Thus, geodesics in the Einstein frame becomes
ẍi + Γiαβẋ
αẋβ = −A−1∂iA . (2.36)
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The term on the r.h.s. is defined as“fifth force” (on a test mass)








Obviously, even in Newtonian limit the fifth force still exists. Since until now the fifth
force has not yet been detected, the fifth force should be screened.
In order to screen the fifth force, we have several methods to perform it. Namely,







, which can be found in the symmetron and the
dilaton screening mechanism.
(ii) modification on mass of a scalar field (range of interaction) which is a signature of
the chameleon mechanism.
(iii) screening by profile of scalar field φ(r) because φ(r) acts as a potential of the fifth
force. We will see this type of screening mechanism in many models in the next chapter.
2.3 Modified Gravity and Rotation Curve Problem
Since a galaxy consists of bulge, dust, and gas, we can consider each component separately.
For the bulge component we assume that there is spherical symmetry, then circular






whereM(r) is enclosed mass within radius r. Therefore, inside bulge the velocity increases
until reach the edge of bulge, after that M(r) is constant and the velocity decreases as
1/
√
r. For the disk component we assume that it is a thin disk (i.e. z → 0), and surface
mass density is an exponential function:
Σ(R) = Σ0e
−R/Rd , (2.40)
where Rd is called the disk scale length. The rotational velocity of the thin disk is given
by
v2c (R) = 4πGΣ0Rdy
2[I0(y)K0(y)− I1(y)K1(y)] , (2.41)
where I and K are modified Bessel functions and y ≡ R/2Rd. We use R because this
is the distance in 2 dimensions (on a plane) which is not exactly the same as r in 3
dimensions. However, the rotational velocity from a thin disk also decreases at large
10
distance. The gas component is assumed to be distributed in a thin disk where surface
density profile beyond stellar disk is an exponential form. This means that it is also a
decreasing function.
Therefore, Newtonian gravity cannot explain the flat rotation curves without dark








where a is an acceleration, µ(x) is an unspecified function (interpolating function), a0 is an
universal acceleration constant. The mechanism of MOND is that when the acceleration
is large, a a0, µ(x)→ 1, we obtain the Newtonian force, this limit is called Newtonian
regime. Whereas when the acceleration is small which is called deep-MOND regime,
a a0, µ(x)→ x, we find a new form of gravitational force. The possible forms of µ(x)






































∴ v4 = GMa0 . (2.47)
Consequently, MOND can give a flat rotation curve. Fitting MOND with observations,
we find a0 ≈ 10−10m/s2 [32]. In natural units, the value of a0 is the same order of
Hubble parameter, or a20 ∼ Λ [33]. This is interesting that why the universal acceleration
constant is roughly the same order of cosmological constant. The problem is called




The chameleon mechanism was proposed by J. Khoury and A. Weltman in 2003 [10, 11]
in order to be dark energy which has screening mechanism. The key of the chameleon
mechanism is that mass of a scalar field is proportional to local matter density. In
highly density region, such as on the Earth, the scalar field is massive, then the range of
interaction of the fifth force is short. This is the reason why the fifth force has not been
observed. The cosmological evolution of the chameleon scalar field has been studied in
[12]. In this section we will show how the chameleon screening mechanism works.















d4xLm(A2(φ)gµν , ψm) , (3.1)
where a chameleon scalar field couples to matter field, ψm, via conformal factor, A(φ).
Equation of motion of the scalar field is given by















Since Tm is the trace of energy-momentum tensor of matter, for non-relativistic matter
Tm ≈ −ρm. However, this matter density is not conserved because of the conformal
interaction. Namely,








Then, for ν = 0 the continuity equation becomes





Obviously, the matter density in the Einstein frame is not conserved. We define a new








m = 0 . (3.8)
Using this conserved density, EOM becomes






m is conserved, it does not depend on φ. We find effective potential as
Veff (φ) = V (φ) + ρ
(c)
m A(φ) (3.10)
Since chameleon scalar field is a scalar field for being dark energy, we choose a runaway
form potential as the quintessence model. For example, the Ratra-Peebles (inverse power-
law) potential:
V (φ) = M4+n/φn , (3.11)
where M is a constant which has a unit of mass, and n > 0. Since the conformal factor
is an increasing function, the effective potential has minimum. So, scalar field rolls down
the effective potential, and then oscillates around the minimum. The minimum of the
































Therefore, mass of the scalar field is proportional to local matter density (second
derivatives of potential is positive). The mass is large in highly density region, whereas
it is tiny in region of low density . This is the reason why the scalar field is called
“chameleon”. This mechanism leads to an answer of the question that why we have
not detected the deviation from GR or the fifth force by observations or solar-system
experiments.
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Figure 3.1: The effective potential of chameleon mechanism. The left figure represents
the effective potential in low density region, while in high density region is represented
on the right figure.
For profile of chameleon scalar field on a compact object, we assume that the object
is static, spherically symmetric and has a homogeneous density with radius Rc. Then,
its mass is Mc = 4πρcR
3















ρc for r < Rc ,ρ∞ for r > Rc . (3.16)
Since there is a step function of density, the scalar field will roll out from minimum of
one density region to another one in order to satisfy continuous conditions (φ and dφ/dr
must be continuous at Rc). During the scalar field rolls out minimum the contribution











where we assume gφ/MPl  1. For outside the object, EOM has contribution from both











= m2∞(φ− φ∞) . (3.18)
We consider behaviour of the chameleon field into two cases:
(i) Thin-shell regime: the chameleon scalar field stays at minimum from origin of the
object and starts to roll out of the minimum around near the edge of the object. We find
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solutions as the following:



























+ φ∞ for r > Rc , (3.21)
where Rroll is the distance that chameleon scalar field starts to roll out minimum, φc and
φ∞ are the field values at minimum φmin inside the object (ρc) and outside object (ρ∞),
respectively. m∞ is the mass of scalar field outside the object (proportional to ρ∞). The
term ∆Rc/Rc ≡ (φ∞ − φc)/6gMPlΦc is called a thin-shell factor. It is the parameter
which tell us that the object we are considering has thin-shell effects (∆Rc/Rc  1) or
thick-shell effects (∆Rc/Rc > 1). The Φc is gravitational potential of the object.
(ii) Thick-Shell regime: the chameleon scalar field starts rolling out from the origin of
the object. This corresponds to Rroll → 0. Consequently,














+ φ∞ for r > Rc . (3.24)
Since φ(r) outside the object for both thin-shell and thick-shell are in the Yukawa
form, the fifth force is screened by chameleon mass and the thin-shell factor.
3.2 Symmetron Mechanism
The symmetron mechanism was proposed by K. Hinterbichler and J. Khoury in 2010
[13, 14]. The key of the mechanism is that a coupling strength between a scalar field
and matter field is proportional to vacuum expectation value of the field. In region of
low density the symmetry is broken, then VEV is non-zero. This means that there exists
interaction between a scalar field and matter which leads to the fifth force. While in
highly density region, the VEV is at zero value, then the coupling strength is equal zero.
This leads to decoupling between a scalar field and matter field.
















d4xLm(A2(φ)gµν ,Ψm) . (3.25)
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Figure 3.2: The effective potential of symmetron mechanism. The left figure represents
the effective potential in high density region, the potential is not broken. While the
effective potential on the right figure is broken in low density region.
Choosing the spontaneous symmetry breaking (SSB) potential,






and conformal factor as









We ignore the higher order term by an assumption φ  M . Note that this action has
Z2 symmetry. Since the action is the same as chameleon model, many equations are the
same. Starting from EOM






Of course, because of the conformal interaction, the matter density is not conserved. We
define the conserved density as in the chameleon model. Then EOM becomes




We obtain the effective potential as
Veff (φ) = V (φ) + ρ
(c)















where we drop the independent ρ
(c)
m because it decreases as the Universe expands. There-
fore, the model depends on two mass scales µ and M , and positive dimensionless λ.
In region of high density, ρ
(c)
m > µ2M2, the symmetry is not broken, then the VEV
is at zero value, φV EV = 0. Whereas in low density region, ρ
(c)
m < µ2M2, or in vacuum,




The conformal coupling of the fifth force is (assuming that the scalar field is at










Obviously, the coupling strength depends on VEV. In high density region, φV EV = 0, the
scalar field decouples from matter field, while in low density region or vacuum, φV EV 6= 0,
the scalar field couples to matter and mediates the fifth force.
Assuming the phase transition of the effective potential occurs around the beginning
of the dark energy domination. Then, matter density (ρ
(c)
m = µ2M2) and dark energy




Pl ∼ µ2M2 . (3.33)

























However, post-Newtonian constraints give M . 10−4MPl. We know that in order to
satisfy the slow-roll condition the mass of scalar field should be the same order of the
Hubble parameter, m . H. Therefore, the symmetron scalar field is too heavy for being
a source of dark energy.
For profile of the symmetron field about a compact object radius R, We assume
that the compact object is static, spherically symmetric, and has a homogeneous density.























= m20(φ− φ0) , (3.37)
We define m0 and φ0 to be a mass of scalar field and field value at non-zero VEV,
















































The Φc is a gravitational potential of the source. The fifth force (from the outside object

















Therefore, in addition to the coupling strength g(φ), magnitude of the force also depends
on factor ∆R/R. Note that the symmetron mass does not depend on local matter density.
Unfortunately, for the symmetron model, even though we add a constant from
SSB potential to make minima have zero potential energy, the height of potential is not
enough to satisfy observations. Therefore, we need the cosmological constant to drive the




















The last term on r.h.s is a constant to make minima have zero potential energy. The






∼ H20M2  H20M2Pl . (3.45)
3.3 Dilaton Screening Mechanism
3.3.1 Damour-Polyakov mechanism
The Damour-Polyakov mechanism was proposed by T. Damour and A. Polyakov in 1994
[15] which is before the discovery of accelerated expansion of the Universe. This model
shows that a massless dilaton decouples from matter by cosmological expansion. Note
that during the mechanism was proposed the cosmological evolution is over at the matter
dominated era.
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R̃ + 4̃Φ− 4(∇̃Φ)2
)
+ Sm(gµν ,Ψm) . (3.46)















2(φ)gµν ,Ψm) , (3.47)
where 1√
2
φ = Φ. Note that we do not absorb κ in φ. This is the same action as in
chameleon model (without potential). Thus, EOM and coupling strength between the















Obviously, the coupling term (second term on l.h.s of EOM) acts as a force on the dilaton
field. Assuming the function A(φ) has minimum at φmin, In parabolic approximation we
find
lnA(φ) ' lnA(φmin) +
1
2
A1(φ− φmin)2 . (3.49)
where A1 is a second derivatives of lnA(φ) at φmin (curvature of the function lnA(φ) at
φmin). Using the FLRW metric, the EOM becomes
φ̈+ 3Hφ̇− κ2∂ lnA
∂φ
Tm = 0 . (3.50)
In radiation dominated era, the trace of energy-momentum tensor is zero, Tm = 0.
Then, there is no force from the coupling term. In matter dominated era, Tm ≈ −ρm,
there exists the coupling force pushing the scalar field to minimum. The coupling strength




= A1(φ− φmin) . (3.51)
Therefore, as φ → φmin, the coupling is going to zero, α(φ) → 0. Consequently, as
the Universe expands from radiation dominated to matter dominated era, the massless
dilaton decouples from matter cosmologically.
3.3.2 Environment dependent dilaton
In 2010, P. Brax et al. applied the Damour-Polyakov mechanism to modified gravity
where the dilaton acts as dark energy which has screening mechanism [16]. Considering











(∂φ)2 − V (φ)
)
+ Sm(A
2(φ)gµν ,Ψm) , (3.52)
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Figure 3.3: The effective potential for dilaton mechanism
Note that we do not absorb κ in φ. After discovery of accelerated expansion, we require
a runaway form of potential,
V (φ) = A4(φ)V0e
−φ . (3.53)










= κ2Veff,φ . (3.54)
Thus, the scalar field rolls down the effective potential, and then oscillates about mini-
mum. We define the conserved matter density in the Einstein frame as in the chameleon
model. Thus, the effective potential is
Veff (φ) = A
4(φ)V0e
−φ − A(φ)T (c)m . (3.55)
The conformal factor A(φ) is choosen in the similar way as the Damour-Polyakov mech-
anism
A(φ) ≈ 1 + 1
2
A2(φ− φmin)2 , (3.56)
where A2 is related to curvature of A(φ) at minimum.
At minimum of the effective potential with pressureless matter, T
(c)






m + 4V (φmin)
. (3.57)
Therefore, limits are 0 ≤ α(φmin) ≤ 1/4 because as ρ(c)m → ∞, α(φmin) → 0, and in
vacuum, ρ
(c)
m = 0, α(φmin) = 1/4. Consequently, the dilaton couples weakly in region of
high density.
From observations, ΩDE ≈ 0.7 and Ωm ≈ 0.3. Since this matter density is the















≈ 0.226 . (3.59)
By current observations the coupling strength is not negligible. Mass of small fluctuation







≈ κ2A2(Aρ(c)m + 4V (φmin)) . (3.60)
From observations
κ2(Aρ(c)m ) = 3ΩmH
2 , κ2V = 3ΩΛH
2 . (3.61)
We obtain
m2φ ≈ A2(3ΩmH2 + 12ΩΛH2) . (3.62)
Therefore, unless A2  1, we find mφ ∼ O(H). This leads to long-range force, then the
dilaton is screened by the coupling parameter only.
3.4 Kinetic or P (X) Screening Mechanism
The kinetic or P (X) screening mechanism was first mentioned by E. Babichev et al. in
2009 [21, 22] as one of the theories which has the Vainshtein radius. The kinetic screening
is a screening mechanism by domination of non-linear term in the equation of motion.
Since the theory involves with first order derivatives, the scale radius or Vainshtein-like
radius depends on M1/2 instead of M1/3 as in the Vainshtein mechanism [18, 19, 20].
Considering a simple case, P (X) = X − X2 where X = −(∂φ)2/2 is the kinetic

















where the last term arises from the conformal interaction between a scalar field and











For a point source, T = −Mδ(3)(~r), and under the static and spherically symmetric














The first term on l.h.s is a linear term, and second term is a non-linear term. In order to









This is the scale radius or Vainshtein-like radius which is a crossing distance of domination












































We can plot this real solution as Fig. 3.4
Figure 3.4: Real solution of Eq. (3.68)
From the Fig. 3.4, we can understand the kinetic screening mechanism as follows:
at small distance from the source r  r∗, φ
′
Λ2
is large ( 1), then the non-linear term
dominates. On the other hand, at large distance r  r∗, φ
′
Λ2
is small ( 1), the linear








This means that we obtain the inverse r2 force, then
Fφ/FN ≈ 2g2 . (3.70)
The fifth force is unscreened at far distance from the source, while close to the source,










Thus, the fifth force is in another form which is not inverse r2 force. Comparing to the






 1 . (3.72)
Therefore, the fifth force is screened.





































































where r∗ is defined as the previous case. The first term on l.h.s is a linear term, and
others are non-linear terms.
By the similar analysis, for distance close to the source r  r∗, the non-linear




























Obviously, in the limit n→ 1, Fφ/FN ∼ 1, thus the fifth force is unscreened. Whereas in





, the force is screened. Hence, the non-linear
term is necessary for screening mechanism.















Consequently, the fifth force comparing to the Newtonian force is Fφ/FN ∼ 1, then the
fifth is unscreened.
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3.5 D-BIonic Screening Mechanism
The D-BIonic screening mechanism was proposed by C. Burrage and J. Khoury in 2014
[17]. The screening mechanism arises from Dirac-Born-Infeld (DBI)-like action where
the sign of inverse D3-brane tension is negative, the flip sign is necessary for obtaining























1 + f(φ)(∂φ)2 + f(φ)−1 − V (φ)
]
. (3.82)
Obviously, sign of the inverse D3-brane tension, f(φ), has been flipped. The scalar
field couples conformally to matter field in the form Lcoupling = − gφMPlTm where g is a
dimensionless coupling constant, MPl is the reduced Planck mass, and Tm is the trace of
energy-momentum tensor of matter field.
This theory does not contain ghosts because the kinetic term still has correct sign.
By expanding about (∂φ)2 = 0,






+ ... . (3.83)









T (m) . (3.84)












1− Λ−4(∂φ)2 . (3.85)




























This is the Vainshtein-like radius which is a crossover distance from non-linear term
dominant to linear term dominant. The radius is proportional to M1/2, whereas the




' Λ2 , (3.89)






 1 . (3.90)
Thus, the force is screened and GR recovers at close distance to the source. On the other








This is inverse r2, we then obtain
Fφ/FN ' 2g2 . (3.92)
The magnitude of the fifth force is the same of order of the Newtonian force, then the
fifth force is unscreened at large distance.
3.6 k-Mouflage Mechanism
The word “k-Mouflage” comes from “kinetic-camouflage” which means a scalar field is
screened by non-linear kinetic terms [21, 22]. In this model we show that besides second
derivative of a scalar field such as in the Galileon model we can obtain the Vainshtein ra-
dius from first derivative or k-essence model. We can say that the k-Mouflage mechanism
is an extension of the Vainshtein mechanism. Thus, the kinetic and D-BIonic screening
mechanisms are one of the possible models in the k-Mouflage mechanism.












+ Sm(g) , (3.93)
where KNL is a nonlinear function of φ and its derivatives, and m is a graviton mass.



















We expand the Einstein-Hilbert action up to h2 order, but the mixing term φR we expand
up to first order of h because φ is of order of h (we will see later). The ĥµν is a normalised
graviton field where ĥµν = MPlhµν , and ε
αβ







ν ρσ∂α∂βφ, where ε
β
ν ρσ is the Levi-Civita tensor. Redefining the graviton


















Note that now the spin-0 (scalar field) decouples from the spin-2 (graviton field), but
non-minimal coupling between a scalar field and matter arises. Varying the action with














because of the dimension in EOM is [M ]3. The (Λn)
n = MPlm
n−1 is a mass scale which
acts for suppression the non-linear terms.










where Rs is an usual Schwarzschild radius, 2GM . We assume that at the Vainshtein
radius the solution is still the same form as the linear dominated solution, and then we
can change ∂r → 1r because φ is a function of r only. The Vainshtein radius is the distance
that non-linear term and linear term are equally important, we find




































































This is an extension of the Vainshtein radius which can predict the scale radius in many
theories as the following.




φ(∇φ)2, the non-linear term has 3 scalar
fields and 2 first derivatives and 1 second derivative. Then,













where Λ3 = (MPlm
2)1/3. Therefore, the Vainshtein radius of the cubic Galileon is pro-
portional to M1/3.







the dominated non-linear term has 4 scalar fields and 2 first derivatives and 2 second
derivative. Thus,
















where Λ6 = (MPlm
5)1/6. Thus, the Vainshtein radius of the quartic Galileon is propor-
tional to M1/3.
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(∇φ)4, the non-linear term has
4 scalar fields and 4 first derivatives. Thus,
















where Λ4 = (MPlm
3)1/4. Then, the Vainshtein radius of the k-essence is proportional to
M1/2. This is why the kinetic screening mechanism was first mentioned by k-Mouflage
mechanism.
For generalised k-essence P (X) = X + ...+Xn, L = −1
2
(∇φ)2 + ..+ cn
Λ4n−4
(∇φ)2n,
the dominated non-linear term has 2n scalar fields and 2n first derivatives. Thus,
















where Λ4n−4 = (MPlm
4n−5)1/(4n−4). Then, the Vainshtein radius of the generalised k-
essence is proportional to M1/2.
3.7 Vainshtein Mechanism
The Vainshtein mechanism was proposed by A. Vainshtein in 1972 [23]. This screening
mechanism becomes popular after the Galileon gravity was proposed in 2008 [24]. The










































We use the short-hand notation as φµ ≡ ∂µφ and φµν ≡ ∂µ∂νφ. The L1 is called tad
pole, it is often excluded from the set of Lagrangian because it gives just a constant
to the equation of motion. This Lagrangian satisfies Galilean shift in flat (Minkowshi)
space-time ∂µφ → ∂µφ + bµ, that is why this scalar field is called Galileon. In addition,
the Lagrangian gives only second-order differential equation of motion which satisfies
Ostrogradsky instability [34, 35]. Hence, this theory does not contain ghosts.
The Galileon theory can extend to curve spacetime by changing ∂µ → ∇µ, however
there exist the higher derivatives terms in EOM. We can eliminate that terms by intro-
ducing field-derivatives coupling to R and Gµν , we finally obtain the covariant Galileon































(φ)3 − 3φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3 − 6∇µφ∇µ∇νφGνρ∇ρφ
]
.
The generalised Galileon can realise by changing the kinetic terms to be general







L2 = G2(φ,X) ,
L3 = −G3(φ,X)φ ,





3 − 3φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3] .
In order to find the Vainshtein mechanism, we start at the covariant Galileon (be-









































(φ)3 − 3φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3 − 6∇µφ∇µ∇νφGνρ∇ρφ
]
,
where Λ is a mass scale. We consider profile of a scalar field around a spherical point
mass, Tm = −Mδ(3)(~r). Then, we assume that curvature is weak (i.e., R and Gµν ≈ 0).












































Obviously, EOM of L5 disappears because of the static assumption. If Λ→∞, we have
only a linear term φ = − g
MPl
Tm, then the fifth force is unscreened. If only λ4 = 0, the























































below this distance the non-linear term dominates. We choose the positive branch of
solutions by matching to the asymptotic limit solution (φ′(r) is positive as the linear











We now consider the asymptotic limit of the solution. For distance far from the source












Therefore, the fifth force is unscreened:
Fφ
FN
≈ 2g2 . (3.133)


























 1 . (3.136)
Consequently, the fifth force is screened. This is the Vainshtein screening mechanism.
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In fact, the Vainshtein radius does not fix as the Eq. (3.129). It is just a scale
radius which can be defined by different factor. For instance, considering the case up to














































This Vainshtein radius has the same role, but the factor is different from the previous
case. By the similar analysis, for distance far from the source r  rv, the fifth force is
unscreened:
Fφ/FN ≈ 2g2 . (3.140)






 1 . (3.141)
Chapter IV
EFFECTS OF CHAMELEON SCALAR FIELD ON
ROTATION CURVES OF LSB GALAXIES
Since observations and experiments indicate that there is no fifth force in solar-
system; however, there is no guarantee in larger scale, such as a galaxy scale. Therefore,
in this chapter we will study effects of the chameleon scalar field in galactic rotation
curves. We use low-surface-brightness (LSB) galaxies [37] because the main contribution
on rotation curves of these galaxies comes from dark matter (DM) halo, then we can
ignore the stellar components. DM halo profiles we use here are Navarro-Frenk-White
(NFW) profile [38], pseudo-Isothermal (ISO) profile [39], and parametrised model (PM)
profile where we assume all of them have spherical symmetry. In this work we use both
NFW and ISO profiles because although NFW profile is used widely in spiral galaxies, for
some LSB galaxies the ISO profile is better to fit with observations. This phenomenon is
called core-cusp problem [40]. We assume that we have the chameleon scalar field being
dark energy whole the Universe, then it also exists in the galaxy scale.
Since the fifth force still exists even in the Newtonian limit, we add the fifth force
into Newton’s law:
~FN + ~F5 = m~a . (4.1)







where we choose the conformal factor as A(φ) = eβφ/MPl . Then, circular velocity for an











where M(r) is the enclosed mass within radius r, in this case it is a dark matter halo
mass. Since the fifth force depends on a gradient of the chameleon scalar field, we have
to solve equation of motion inside dark matter halo.
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4.1 Solutions of the Chameleon Scalar Field Inside a
DM Halo















d4xLm(A2(φ)gµν , ψm) , (4.4)
where A(φ) = eβφ/MPl is a conformal coupling. EOM is given by




We assume that the chameleon scalar field is static and has spherical symmetry according














We set dynamics of the chameleon scalar field as the thick-shell regime. Namely, the
scalar field stays around minimum of the effective potential at outside DM halo only.
Since density of DM halo varies from core to edge, the scalar field must roll out minimum
to satisfy continuous conditions whole interior of DM halo.











which gives the field value outside DM halo as







where ρ∞ ≈ 10−26 kg/m3 (average density of the Universe).
We now find an analytic solution by assuming that inside DM halo the matter


































(M(r)−M0 + γ) , (4.13)
where γ represents slope of the chameleon profile at the edge of the halo and M0 is the
total mass of the galaxy at rmax. The rmax is the distance that density of the DM halo
decreases until it is equal to density of the background universe.
There are three classes of positive solutions categorised by the value of γ as the
following,
1. γ < M0 : singular at r = 0
2. γ = M0 : φ
′r2|r=0 = 0 (nonsingular)
3. γ > M0 : truncated at finite r (unphysical).
The first solution leads to divergence of solution at the core of a galaxy, while the
second solution can gives flat profile at r = 0 (φ′(0) = 0), this is a common boundary
condition which is used widely. However, we will show that for some DM halo profile
this boundary condition cannot satisfy. The third solution is unphysical because it is
truncated before reach the core of galaxy. In Fig. 4.1 we show that the chameleon
solutions have three kinds as analytic solutions predicted, where we use numerical method
to solve the full EOM (include potential term).













U5005 ISO Halo, Β = 1.69 x 10-7












U5005 NFW Halo, Β = 1.76 x 10-7
Figure 4.1: The chameleon solutions for various γ. The red curve is the analytic solution
neglecting the potential V (φ). The ISO solution (left) satisfies non-singular boundary
condition φ′(0) = 0 but not the NFW (right). The other curves are obtained numerically.
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+ φ(0) . (4.17)
Obviously, we can see that at the origin of the NFW DM halo (r = 0) the chameleon





Thus, the chameleon scalar field couples to the NFW DM cannot satisfy the flat bound-
ary condition φ′(0) = 0. Figure 4.2 shows both the approximated analytic and numeri-
cal (with potential included) solutions, the difference is minimal.











U5005 NFW Halo, Β = 1.76 x 10-7













U5005 NFW Halo, Β = 1.76 x 10-7
Figure 4.2: The chameleon profile in the NFW DM halo of U5005 galaxy for β = 1.76×
10−7. The analytic and numerical chameleon solutions are represented in red line and
black line respectively.
For the ISO profile:
ρISO(r) =
ρ0






























+ φ(0) . (4.21)
Then, the chameleon profile at the origin of the ISO dark matter halo can be flat with
φ′(0) = 0. Figure 4.3 shows both the approximated analytic and numerical (potential
included) solutions. However, the approximation becomes worse as the radial distance
grows.











U5005 ISO Halo, Β = 1.69 x 10-7












U5005 ISO Halo, Β = 1.69 x 10-7
Figure 4.3: The chameleon profile in the ISO DM halo of U5005 galaxy for β = 1.69×10−7.
The analytic and numerical chameleon solutions are represented in red line and black line
respectively.
















)α−32F1(3− α, 1, 4− α, r/rs1+r/rs )
3− α
, (4.23)
where 2F1 is the hypergeometric function. The value of φ
′(0) depends on α which can be
obtained as the following cases:
Case I : α < 1
φ′(0) = 0. (4.24)
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Case III : 1 < α < 2
φ′(0) =∞. (4.26)


















where α must be less than 2. Figure 4.4,4.5, and 4.6 show both analytic and numerical
(potential included) solutions for the PM dark matter profiles, the differences are small.
Figure 4.7 summarises the numerical solutions for the PM model. The behaviour of the
boundary value φ′(0) confirms our the analytic results.
As a summary, we show that the chameleon scalar field cannot satisfy the boundary
condition φ′(0) = 0 in general, it depends on the DM halo profile. The NFW and the PM
profiles with α > 1 (α must be less than 2 for positivity of the chameleon distribution
function) cannot satisfy this flat boundary condition as shown above.











U5005 PM Α=0.2 Halo, Β = 2.24 x 10-7












U5005 PM Α=0.2 Halo, Β = 2.24 x 10-7
Figure 4.4: The chameleon profile in the PM DM halo of U5005 galaxy for α = 0.2 and
β = 2.24× 10−7. The analytic and numerical chameleon solutions are represented in red
line and black line respectively.
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U5005 PM Α=0.5 Halo, Β = 1.96 x 10-7












U5005 PM Α=0.5 Halo, Β = 1.96 x 10-7
Figure 4.5: The chameleon profile in the PM DM halo of U5005 galaxy for α = 0.5 and
β = 1.96× 10−7. The analytic and numerical chameleon solutions are represented in red
line and black line respectively.













U5005 PM Α=0.7 Halo, Β = 1.76 x 10-7












U5005 PM Α=0.7 Halo, Β = 1.76 x 10-7
Figure 4.6: The chameleon profile in the PM DM halo of U5005 galaxy for α = 0.7 and
β = 1.76× 10−7. The analytic and numerical chameleon solutions are represented in red
line and black line respectively.
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U5005 PM Halo, Β = 1.76 x 10-7
Figure 4.7: The analytic chameleon profiles in the PM DM halo of U5005 galaxy for
β = 1.76 × 10−7. The red lines represent the chameleon profile for 0 < α < 1 and the
black lines represent the chameleon profile for 1 ≤ α < 2.
4.2 Stringent Constraints from Nonsingular Solution
The nonsingular solution has limit on coupling constant because the field value must
match with the value at the edge of galaxy, φ∞, which is constrained by density of the
Universe. Using the analytic formula, we can calculate the maximal matter-chameleon





Integrating from r = 0 to rmax, we find

















We use symbol greater than or equal to because the value depends on φ(0). With φ∞















The limit is inverse proportional to the mass of DM halo. Thus, as the halo gains more
mass, the maximum value of β decreases accordingly. For galaxy U5005 with ISO and
40
NFW DM profile, the values of βmax ' 1.69, 1.76× 10−7 respectively. This constraints is
extremely strong such that we cannot see the effects of chameleon scalar field on rotation
curves [42]
For the self potential of the form V (φ) = M4(1 + µ(M/φ)n), we can make substi-















For n = 1, the value of µ is constrained by the LLR experiment and cosmological con-
ditions to be smaller than 105 [41], resulting in the upper limit β . 105/3βmax for βmax
given in Eqn. (4.31). This is about 46 times larger than the inverse power-law potential
case. For NFW and ISO DM profile of galaxy U5005, the upper limit corresponds to
about β < 10−5 instead.
However, the constraints do not exist for the singular solution because φ(0)→∞.
Then, β becomes −∞ that means there is no constraints.
4.3 Effects on Rotation Curves
We solve EOM for singular solutions by numerical method from the edge of dark matter
halo to rmin = 0.001 kpc. We set n = 1 for the power-law potential V (φ) = M
5/φ
and M = 10−3eV. Since both γ = 0 and γ < M0 give singular solutions, in this
work we consider the profile with γ = 0 for simplicity. Then, boundary conditions are
φ(rmax) = φ∞ and φ
′(rmax) = 0 where rmax arises from ρ(rmax) = ρ∞. We plot results as
acceleration of the fifth force as in Fig. 4.8 and 4.9 where





In this work, we use low-surface-brightness (LSB) galaxies for the investigation of
effects from the chameleon scalar field because the LSB galaxies are dominated by dark
matter. Then, we can ignore the stellar components. For some of LSB galaxies, such
as U4325 and U3371, the NFW profile cannot fit data without unrealistic values for the
rotation velocities, thus we use only the ISO profile on those galaxies.
From Fig. 4.8 and 4.9, the acceleration of the fifth force at the origin of all galaxies
are much larger than the outside region because the acceleration comes from derivative
of the field which is singular at the origin. Thus, the gradient of the field is negative,
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Figure 4.8: The acceleration of the fifth force in the NFW DM halo of U5005 and DDO189
galaxy. The acceleration increases with the coupling β.
and the fifth force pushes all objects which orbit around the center of the galaxy radially
outward.











the term GM(r)/r is proportional to a circular velocity without chameleon fifth force
which depends on mass model we are using.
4.3.1 NFW halo









where ρ0 and a are the characteristic density and the scale radius of the halo respectively.
Obviously, we have to know the characteristic density of the NFW profile in order to find
rmax. To obtain the ρ0, we consider the accumulated mass




ln(1 + (cr/r200))− (cr/r200)/(1 + (cr/r200))










ln(1 + cx)− cx/(1 + cx)
ln(1 + c)− c/(1 + c)
, (4.37)
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Figure 4.9: The acceleration of the fifth force in the ISO DM halo of U5005, U4325,
U3371 and DDO189 galaxy. The acceleration increases with the coupling β.
V200 is the circular velocity at virial radius r200, where x = r/r200 is the radial distance
in unit of the virial radius and c = r200/a is the concentration parameter.






ln(1 + c)− c/(1 + c)
)
. (4.38)










where H is the Hubble parameter.
Using values of V200 and c from Ref. [37] and H = 72 km/s/Mpc, we can plot the
rotation curves. For some of LSB galaxies are shown in Fig. 4.10.
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Figure 4.10: Rotation curves of U5005, DDO189 galaxy around the core region for varying
β. The red lines represent the rotation curve of the galaxy with NFW profile without the
chameleon.








































































Figure 4.11: Rotation curves of U5005, DDO189, U4325, U3371 galaxy in the core region












where ρc and Rc are the central density and core radius of the halo respectively. The













The best-fit parameters ρc, Rc of some LSB galaxies are given in Ref. [37]. We use these
parameters to generate rotation curves with varying chameleon-matter coupling β as are
shown in Fig. 4.11.
4.3.3 The parametrised model










where α is a parameter which is equal to 1 for the NFW profile. This profile correctly











2F1(3− α, 3− α, 4− α,−r/rs) (4.44)
where 2F1 is the hypergeometric function. Rotation curves of U5005, DDO189 with
α = 0.2, 0.7 and U4325, U3371 with α = 0.2 for varying β are shown in Fig. 4.12.
4.4 Dependence on the Power of the Inverse Power-
law Potential
There are two parameters which can be varied, the power n and the constant M in the
scalar potential. From the chameleon dark energy model, parameter n can be an arbitrary
value. If n is large, the scalar potential is very steep, then we choose n in the order of
unity, O(1) where we still set M = 10−3eV. We show results as in Fig. 4.13.
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Figure 4.12: Rotation curves of U5005, DDO189, U4325, U3371 galaxy around the core
region for varying β. U4325 and U3371 cannot be fit to the PM model with α = 0.7
without making the rotation velocity unrealistically large. The red lines represent the
rotation curves of the galaxy with the PM profile without the chameleon.
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U5005 NFW Halo, Β = 3 x 10-3, n = 0.1-4













U5005 ISO halo, Β = 1 x 10-3, n = 0.1-4















DDO189 NFW Halo, Β = 1 x 10-2, n = 0.1-4














DDO189 ISO halo, Β = 2 x 10-3, n = 0.1-4
Figure 4.13: Rotation curves of galaxy U5005, DDO189 with n = 0.1 − 4 (left to right)
using NFW, ISO profile. The red lines are the rotation curves without the chameleon.
4.5 Constraints on Matter-Chameleon Coupling Con-
stant from the Rotation Curves
Since the fifth force makes rotation curves more cusp, the large value of β will make the
rotation curves contradict to the observations. Then, we have to use the reduced chi-
square method in order to find an upper bound of matter-chameleon coupling constant
at 95% C.L. where degree of freedom of each galaxy is as the following: For U5005 d.o.f.
= 11−3 = 8, DDO189 d.o.f. = 11−3 = 8, U4325 d.o.f. = 16−3 = 13 and U3371 = 17−
3 = 14, respectively. The −3 arises from three parameters which control rotation curves,
namely power n in the power-law potential and two fine-tuning parameters for each dark
matter halo profile. According to Table 4.1, the coupling constants are constrained around
in the order of 10−3.
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LSB galaxy upper bound on β at 95 % C.L.
U5005 (NFW) 6× 10−3
U5005 (ISO) 2× 10−3
U5005 (PM α = 0.2) 6× 10−3
U5005 (PM α = 0.7) 9× 10−3
DDO189 (NFW) 1.75× 10−2
DDO189 (ISO) 4.8× 10−3
DDO189 (PM α = 0.2) 1.75× 10−2
DDO189 (PM α = 0.7) 1.85× 10−2
U4325 (ISO) 1× 10−3
U4325 (PM α = 0.2) 5.4× 10−3
U3371 (ISO) 2.7× 10−3
U3371 (PM α = 0.2) 9.5× 10−3
Table 4.1: Constraints on the matter-chameleon coupling constant from the LSB galaxies.
Chapter V
COSMOLOGICAL DYNAMICS OF D-BIONIC
SCREENING MECHANISM
In this chapter we study cosmological dynamics of the D-BIonic screening mecha-
nism. We choose this model because in non-relativistic limit EOM of the D-BIonic can
reduce to EOM of the coupled quintessence model. This means that the D-BIonic model
can give the scaling solution which also arises in the coupled quintessence. The scaling
solution is interesting because it can solve the coincidence problem and the dark energy
problem in the same time. In this work we change the inverse D3-brane-like tension from
−Λ−4 in [17] to be a function in exponential form because if f(φ) is a constant, we cannot
find the slowly rolling scalar field, then it might not satisfy the observations. In addition
to the inverse D3-brane-like tension, we also calculate both the D-BIonic model and the
DBI theory with coupling to matter because their actions are the same, then we can use
the same analysis to both models.
5.1 Basic Equations in D-BIonic and DBI Theories



















d4xLm(A2(φ)gµν , ψm) ,
(5.1)
where a scalar field, φ, couples conformally to matter fluid, ψm, via a conformal factor
A(φ). The f(φ) and V (φ) are an inverse D3-brane-like tension and a scalar potential,
respectively. In this work, we use the units of κ2 = 8πG = 1. Moreover, we use the
word “like” here because the DBI theory is in the Jordan frame in which the scalar field
does not couple to matter. Therefore, the action we are considering here is just an action
contained non-canonical kinetic term, or we can call the DBI-like action.
Varying the action (5.1) with respect to the metric and the scalar field, we obtain
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1 + f(∂φ)2 , (5.3)
where T (m) = T
(m)µ
µ is the trace of energy-momentum tensor of matter fluid. The energy-








1 + f(∂φ)2 − f−1 + V
]
. (5.4)
Obviously, it provides the DBI theory for f(φ) > 0, while when f(φ) < 0, it gives
D-BIonic theory.
We assume that the conformal factor is given by the exponential form:
A(φ) = egφ , (5.5)
where g is a coupling constant between D-BIonic scalar field and matter field.
According to the original D-BIonic theory, the inverse D3-brane-like tension is a
negative constant, namely, f(φ) = −Λ−4, where Λ is a mass scale, then it corresponds to






− V,φ = −gT (m). (5.6)
This is the same equation of motion as in [17] except the potential term. The potential
is necessary for studying cosmology as we will see in Sec. 5.2
Eq. (5.6) obviously consists of a linear term and a non-linear term, then there must
be a characteristic radius analogous to the Vainshtein radius. Below this radius, fifth
force is screened, This is D-BIonic screening mechanism.
In order to study cosmological evolution, we assume that the scalar field is homo-
geneous, namely scalar field is a only function of time φ = φ(t) and the spacetime is
described by the flat Friedmann-Lemâitre-Robertson-Walker (FLRW) metric:
ds2 = −dt2 + a2(t)dx2 .















T (m) , (5.7)
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In the DBI theory the inverse tension of D3-brane is positive (f(φ) > 0), the limit of γ is
from 1 to∞, while in the D-BIonic theory the tension is negative (f(φ) < 0), γ is limited
in the range of (0, 1) instead. We then find the both limits of the Lorentz factor as
γDBI =
∞ : when f(φ)φ̇2 ' 1 (relativistic limit)1 : the coupled quintessence
γD-BIonic =
1 : the coupled quintessence0 : when − f(φ)φ̇2  1 (“anti”-relativistic limit)
From equation of motion (5.7), when γ = 1, it becomes the equation of motion for the
coupled quintessence model. Therefore, the DBI-like action (5.1) is generalisation of the
coupled quintessence model.
From the energy-momentum tensor of the scalar field, the pressure and the energy








φ̇2 − V (φ) . (5.10)







φ̇2 + V (φ) + ρm
)
, (5.11)
where H = ȧ/a. The ρm is the total matter density (non-relativistic matter + radiation),
which we combine for simplicity in our calculation.
Because of the scalar field couples to matter fluid, this leads to modification on
the energy equation. Namely, neither the scalar field energy nor matter fluid energy is
conserved (however, the total energy is conserved). For conformally coupling, we obtain
∇µT (φ)µν = −
A,φ
A




T (m)∇νφ . (5.13)
According to the equation of state (EOS) for the matter fluid, Pm = wρm, the energy
equation of matter density becomes
ρ̇m + 3H(1 + w)ρm = g(1− 3w)ρmφ̇ , (5.14)
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where w is the EOS parameter of matter fluid (the w = 0 for non-relativistic matter, and
w = 1/3 for radiation).
The main basic equations which are important in this work are the equation of
motion (5.7), the Friedmann equation (5.11), and the energy equation of matter density
(5.14).
It is worth mentioning here that for radiation the energy equation is conserved
because the electromagnetic field is conformally invariant. Then, radiation still decreases
with the rate a−4 as the Universe expands. Since the coupling constant, g, acts on only
non-relativistic matter, at late time we can ignore the radiation in the Universe.
5.2 Asymptotically Analytic Solutions
In this section we will find analytic solution in asymptotic limit. The asymptotic limit
means we assume t is large or going to infinity. We consider the exponential form of f(φ)
and V (φ), namely
f(φ) = εf0e
−µφ and V (φ) = V0e
−λφ .
We assume that f0 > 0, V0 > 0, and assume λ > 0 for a runaway form potential. The
parameter ε = 1 gives the DBI theory, while ε = −1 gives the D-BIonic theory.
Since in D-BIonic and DBI theory kinetic term is non-canonical, we assume that
at asymptotic limit γ = γ0 = constant because if γ = 1, it means that it is coupled
quintessence obtained from canonical kinetic form. This condition leads to f(φ)φ̇2 =
constant, then
e−µφφ̇2 = constant .
We solve for asymptotic solution of the scalar field as







+ φ0 , (5.15)
where φ0 is the value of φ at t = t0. Taking derivatives with respect to time, we get
φ̇ = − 2
µt
. (5.16)
Obviously, φ̇ > 0 when µ < 0. This corresponds to the scalar field motion rolling down
the runaway exponential potential. If we choose f(φ) = −Λ−4 as original D-BIonic, we
find
Λ−4φ̇2 = constant ,
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This means that we cannot find the slowly rolling scalar field, and then it might not
satisfy observations which requires wDM about minus unity.







Then, in order to explain the accelerating universe, ä > 0, we require
p > 1 .
This is reasonable because the kinetic term is proportional to t−2. If we do not assume a
power-law expansion, the kinetic term does not play any important role in the expansion,
and then it gives the same results as models with the canonical kinetic term.
Consequently, assuming that at late time matter fluid is given only by dust (w = 0),




















































q ≡ 3p+ 2g
µ
. (5.21)









−2µγ0[3p(γ0 + 1)− 2γ0] + g(3p2(γ0 + 1)µ2 − 4γ20)








2µγ0[3p(γ0 + 1)− 2γ0] + λ(3p2(γ0 + 1)µ2 − 4γ20)
µ2t2(γ0 + 1)(λ+ g)
. (5.23)
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If λ/µ > −1 or q < 2, at late time we obtain trivial solutions, namely V0 = 0 or
ρ0 = 0. Hence we consider the cases with
λ
µ
≤ −1 and q ≥ 2 .
Then we can classify the asymptotic solutions into four cases:
I. Both the potential term and the matter density do contribute in the dynamics
(λ/µ = −1 and q = 2),
II. The matter density does not contribute, but the potential term does
(λ/µ = −1 and q > 2),
III. The potential term does not contribute, but the matter density does
(λ/µ < −1 and q = 2),
IV. Both the potential term and the matter density do not contribute in the dynamics
(λ/µ < −1 and q > 2).
The cases I and II correspond to the scaling solution and the normal quintessence
solution in the coupled quintessence model respectively, while the case III cannot be
allowed because the Lorentz factor must be positive, and the case IV cannot give the
accelerating universe.
5.2.1 Case I : µ = −λ and q = 2





















+ 2p . (5.25)







substituting e−λφ0t20 into the Eq. (5.24), we obtain the equation for γ0:
[3(1− εf0V0) + g(g + λ)]γ20 − 3γ0 − g(g + λ) = 0 , (5.26)






4g(g + λ)[3(1− εf0V0) + g(g + λ)] + 9
2[3(1− εf0V0) + g(g + λ)]
, (5.27)
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where the discriminant must be positive in order to find a real solution for γ0. For the
D-BIonic (ε = −1), it is always positive definite. For the DBI (ε = +1), we find the
condition as
f0V0 ≤ 1 +
1
3




Since it appears that γ
(−)
0 branch solution does not give the accelerating Universe
for both DBI and D-BIonic, we then consider only γ
(+)
0 solution. For the DBI case, we
obtain the additional condition otherwise even γ
(+)
0 gives the value smaller than 1
f0V0 < 1 +
1
3
g(g + λ) , (5.29)
This condition is tighter than the previous one (5.28), then the condition (5.29) always
gives the positive discriminant.




4 [λ (g + λ)− 3γ0]
3λ2
,
this leads to the condition
λ (g + λ)− 3γ0 ≥ 0 . (5.30)
This condition gives the constraint on the coupling constant for the existence of the
solution as














Note that gcr is the g when ρ0 = 0. In the case that ρ0 > 0, we obtain g > gcr, this leads
to overlap region of parameters space which will be discuss later.















Therefore, Eqs. (5.31) and (5.33) are the conditions of g for realising the scaling solution









while Eq. (5.33) gives the condition for region λ > λcr. We will see the existence of λcr
clearly in the next subsection.
The EOS parameter of the scalar field is given by
wφ = −1 +
3γ0
3γ0 + g(g + λ)
. (5.34)












This solution scales the matter density and the scalar field density, then we can
evaluate the asymptotic values of Ωm and Ωφ as follows:
Ωm =




g(g + λ) + 3γ0
(g + λ)2
. (5.37)
We find the scaling solution for accelerating universe by contributions from both
potential and matter density, which is arised by γ
(+)
0 and p > 1, with the constraints on
g.
5.2.2 Case II : µ = −λ and q > 2
In this case, the matter density does not contribute the dynamics asymptotically, the
basic equations for the asymptotic solution (5.22) and (5.23) give Eq. (5.24) and
−2λγ0[3p(γ0 + 1)− 2γ0] + λ(3p2(γ0 + 1)λ2 − 4γ20) = 0 , (5.38)
















Since we assume V0 > 0, we have a constraint
λ2 < 3(γ0 + 1) .
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By the definition of γ0, we can eliminate e
−λφ0t20 in Eq. (5.40), and we find the
equation for γ0 as
3γ20 − λ2γ0 + λ2(1− εf0V0)− 3 = 0 . (5.41)



























+ 1 ≥ 0 .
For the DBI (ε = +1), this condition is always satisfied, and then we can find the solution.
On the other hand, for the D-BIonic (ε = −1), we have the condition on λ for the existence
of the root. We get






(1− εf0V0)2 − 1
]
.
Using our ansatz q > 2 on equation of p, it gives another constraint as
3γ0 > λ(g + λ) , (5.43)
which is reduced to
g < gcr . (5.44)






> 2 . (5.45)









> 2 , (5.46)
3γ0 − gλ > λ2 , (5.47)
∴ 3γ0 > λ(g + λ) . (5.48)
Substituting γ0 of this solution, we find g < gcr. Again, since the gcr is the same value
as previous one obtained in solution I, it is the g when ρ0 = 0. If ρ0 > 0, the possible g
of solution II is also above the gcr. Therefore, we have to check the overlap region that
which solution is stable.
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For the power of expansion, substituting γ0 into Eq. (5.39), we find





























− 1 < 0 , (5.50)
i.e.,
0 < λ2 < λ2cr , (5.51)






(1− εf0V0)2 + 3
]
,
This condition always satisfies the constraint of λ2 ≤ λ2− for the D-BIonic. Therefore, we
have the accelerating universe solution II with γ
(+)
0 and p
(+), where there is the upper
bound λcr.
Note that when εf0V0 = 0, we recover the condition for accelerating universe in
the quintessence model such that λcr =
√
2. For the DBI theory, the constraint becomes
weaker (λcr >
√
2), while for the D-BIonic theory, it becomes stronger (λcr <
√
2).
The EOS parameter of the scalar field in this case is given by




When γ0 = 1, the wφ is the same as that in the quintessence model [45].
5.2.3 Case III : λ/µ < −1 and q = 2
In this case, we find from Eqs. (5.22) and (5.23)





µ2(γ0 + 1)[λ+ g]
{2µγ0[3p(γ0 + 1)− 2γ0] + λ(3p2(γ0 + 1)µ2 − 4γ20)} ,















which appears that γ0 is negative because µ < 0 (we choose λ > 0). Since the Lorentz
factor must be positive, in this case does not provide a solution.
5.2.4 Case IV : λ/µ < −1 and q > 2
From Eq. (5.22) and (5.23), at late time we find two equations:
− 2µγ0[3p(γ0 + 1)− 2γ0] + g[3p2(γ0 + 1)µ2 − 4γ20 ] = 0 ,































Since γ0 > 0, µ
2 must be larger than 3. If µ2 > 6, and then 1/3 < p < 2/3 for the DBI
theory, whereas 3 < µ2 < 6, and then 0 < p < 1/3 for the D-BIonic.
In both cases, since p < 2/3, we cannot find the accelerated expansion. By the way








which is positive definite. For the D-BIonic theory, wφ > 1, which gives a “supersonic”
flow.
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5.2.5 The solution I or the solution II
When scalar field does not couple to matter field (g = 0), the solution II will be realised.
As they couple (g 6= 0), both solutions in the range of λ < λcr, thus the question is which
asymptotic solution is realised, I or II. We anticipate that the case with the larger power
exponent of the cosmic expansion p will be realised [46]. For the solution II, the power


























which is fixed by λ and g. If pII > pI, we guess that matter contribution is ignored. This
is a usual quintessence solution with the DBI or D-BIonic kinetic term. While pII < pI,
matter assists the acceleration of the cosmic expansion. Even if λ is too large to obtain





which arises from pI > 1.
The critical value of the coupling constant g can be obtained by setting pI = pII,
















The critical value gcr is the same as that for the existence obtained in the previous
subsection. When g > gcr, the power exponent of the solution I is larger than that of
the solution II. We will see in the next section, the stability condition is also the same.
Therefore, when g > λ
2
and g > gcr, we find the accelerated expansion of the Universe
with assistance of matter fluid.
We summarise the solutions I and II in Table 5.1 and Fig 5.1.
5.3 Stability Analysis
In order to confirm the analytic solutions, we have to check stability of those solutions I
and II. In this section we will use the dynamical system approach.
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The solution I The solution II




4g(g + λ)[3(1− εf0V0) + g(g + λ)] + 9























g > gcr g < gcr
existence
f0V0 < 1 +
1
3
g(g + λ) — — λ2 > λ2+ or λ
2 < λ2−
acceleration g > λ
2
λ2 < λ2cr
stability g > gcr g < gcr
wφ −1 +
3γ0















g(g + λ) + 3γ0
(g + λ)2
1
Table 5.1: Summary of two analytic solutions, I and II. The case I gives a scaling
solution, in which the ratio of matter energy density to the scalar field energy density
is nonzero, while the scalar field energy becomes dominant in the case II solution. For
the accelerating universe, the existence condition coincides with the stability condition,




Figure 5.1: The existence regions of accelerating solutions, I and II, in the parameter
space (λ, g) for (a) the D-BIonic (ε = −1) , (b) the canonical kinetic term (ε = 0) and (c)
the DBI (ε = 1) . We set f0V0 = 1. The light orange and light blue regions correspond
to the solutions of the case I and II, respectively. The red dashed curve denotes g = gcr,
while the blue dot-dashed line shows λ = λcr. The green curve gives Ωm = 0.3, while the
black dashed lines denote wφ = −0.97,−0.95 and −0.9, respectively from the above. The
red solid lines denote p = 1.
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5.3.1 Dynamical system and fixed points
Starting from the Friedmann equation (5.11), we obtain the first constraint equation on
this system:
Ωm = 1− x2 − y2 , (5.52)










Instead of time derivatives, we use the derivatives with respect to the e-folding number,



































Since the variable γ is included in the above equations, in order to close the system,











3(γ + 1)x− µx2 + λy2 − g(1− x2 − y2)
]
. (5.56)
By the way, γ is described as





Then, when µ = −λ, γ is not the independent variable. Eqs. (5.54) and (5.55) give a
closed set of the dynamical system.
By virtue of these dynamical variables, the cosmological parameters are given by
Ωφ = x












By requiring dγ/dN = 0 at fixed points (x, y) = (x0, y0). Since γ > 0, we find the
following two possibilities:
(i) γ0 = 1, this is the same as the coupled quintessence with the conventional canonical
kinetic term, which is not our interest.
(ii) The intermediate value of γ0, namely 0 < γ0 < 1 for the D-BIonic theory, and
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1 < γ0 < ∞ for the DBI theory, which is obtained from the condition such that the
square bracket in Eq. (5.56) is equal to zero. We find




λy20 − µx20 − g(1− x20 − y20)
]2
. (5.60)
Since γ0 = 1 does not give new solution (results are the same as in coupled
quintessence model), we will discuss only the case (ii). By setting dx/dN = 0 and
dy/dN = 0 with γ = γ0, we find fixed points (x0, y0) as shown in Table 5.2.
x0 y0 solution
(1) −1 0 IV−




















Table 5.2: Five fixed points.
There are five fixed points, which satisfy the necessary condition of y0 ≥ 0, whereas
x can be positive or negative depending on the sign of φ̇. We expect that these fixed points
correspond to the analytic solutions given in the previous section. We then describe each
point in the following:
The simplest fixed points are given by
(1) (x0, y0) = (−1, 0) ,
(2) (x0, y0) = (1, 0) .






and the cosmological parameters as
Ωφ = 1 ,









Therefore, the fixed points (1) and (2) correspond to the asymptotic solution IV. Since
this solution does not give an accelerating Universe, we will not analyse its stability.
Next fixed point is
































Then, the fixed points (3) corresponds to the asymptotic solution III. Since this solution
does not give an accelerating universe either, we will not analyse the stability either.
One of the interesting fixed points is given by











From Eq. (5.60), we obtain
µ = −λ .







Substituting x0 and y0 of the fixed point (4) in Eq. (5.61), we obtain the equation for γ0
as
3γ20 − λ2γ0 + (1− εf0V0)λ2 − 3 = 0 .
















Only positive root of the solutions is chosen because it gives the accelerated expansion
(p > 1). The cosmological parameters also confirm that there is no contribution from
matter density at the fixed point (4).
Ωφ = 1 ,
Ωm = 0 ,








Note that the fixed point (4) is the same as the point (C4) in Ref. [44].
The another interesting fixed point is:
(5) (x0, y0) =
( √
3γ0√
1 + γ0(g + λ)
,
√
3γ0 + (1 + γ0)g(g + λ)
(1 + γ0)(g + λ)2
)
.
In the similar way as the fixed point (4), we have µ = −λ in this solution, and then
we obtain from Eq. (5.61) the quadratic equation for γ0 as
[3(1− εf0V0) + g(g + λ)]γ20 − 3γ0 − g(g + λ) = 0 .




4g(g + λ)[3(1− εf0V0) + g(g + λ)] + 9
2(3(1− εf0V0) + g(g + λ))
.
We choose only positive root because of the same reason as the previous fixed point. The
cosmological parameters are
Ωφ =
















This is the scaling solution as we have seen in the solution I.
In fact, the fixed point (5) is the extension of the fixed point (C5) in Ref. [44]. It
can reduce to the fixed point (C5) when the coupling is zero (g = 0).
5.3.2 Linear stability
We will analyse the stability of the fixed points (4) and (5) (correspond to the solutions I
and II). Substituting Eq. (5.61) into Eqs. (5.54) and (5.55) , we obtain the autonomous
system only for x and y:
dx
dN
= F (x, y) ,
dy
dN
= G(x, y) .






























































































































where Ci are coefficients from eigenvectors and ωi are eigenvalues of the matrix M0.
Since the matrix M0 is 2× 2 matrix, we find the quadratic equation for the eigenvalues
ω. If both eigenvalues are negative (or real parts are negative for complex eigenvalues),
the fixed point is stable.
For the fixed point (4), we find two real eigenvalues of the matrix M0 as
ω1 = −3 +
λ2
2γ0




In order to be stable, both eigenvalues must be negative, which condition requires
λ2 < 6γ0 and λ(g + λ) < 3γ0 .
The first condition is always true when we choose γ
(+)
0 for the accelerating universe
solution. While, the second condition gives
g < gcr .
This confirms our calculation in the previous section that we must impose the condition
g < gcr in order to obtain the stable solution of II. The solution II represented in the
light blue region in Fig. 5.1 is stable.
In the similar way as the fixed point (4), the eigenvalues of the fixed point (5) are
ω± =





0 (g + λ)
.
with
D ≡ 9γ30(2g + λ)2 + 24[3γ0 + 2g(g + λ)][3γ0 − λ(g + λ)]] .
Hence if 3γ0 < λ(g + λ), D < 9γ30(2g + λ)2. Thus, we find ω± ≤ 0. Consequently the
solution is stable which is equivalent to g > gcr. When D < 0, the square root term√
D is pure imaginary, then Re(ω±) < 0. It guarantees that the solution is again stable
(with spiral trajectories). Whereas if 3γ0 > λ(g + λ), D > 9γ30(2g + λ)2. Then, one of
the eigenvalues is positive, and then the solution becomes saddle. Consequently we find
marginal stable condition when 3γ0 − λ(g + λ) = 0, it corresponds to g = gcr. This gives
the boundary of the stable region in the parameter space. The solution I represented in
the light orange region in Fig. 5.1 is stable.
It is worth mentioning here that if solution II is stable, the solution I becomes
saddle, and vice versa.
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5.3.3 Non-linear stability
Since linear stability is just a first order perturbation, in order to find full perturbation
we will solve the basic equations numerically and show whether those fixed points are
globally stable or not.
In Fig 5.2, we present some examples for the D-BIonic theory. We choose g = 1
and εf0V0 = −1, it gives λcr = 1.14. In Fig 5.2 (a), we show the case of λ = 0.5, which
is g < gcr = 5.23. The trajectories of the numerical solutions show that they converge to
the stable fixed point at (x0, y0) = (0.206, 0.978) with γ0 = 0.96, which is the fixed point
(4) (the solution II). The black thick curve denotes the limiting condition of Ωm = 0
found by (5.52) and the black dashed lines correspond to the boundaries of γ = 0 given
by the definition (5.61). In Fig 5.2 (b), we depict the trajectories of the solutions for the
case of λ = 1.6, which satisfies λ > λcr as well as λ < 2g. The trajectories converge to
another stable fixed point at (x0, y0) = (0.378, 0.758) with γ0 = 0.75, which is the fixed
point (5) (the solution I). In this case we find the asymptotic value of Ωm = 0.28(6= 0).
We present the time evolution of the density parameters Ωm and Ωφ for the solution
I in Fig. 5.3. Since for the case II we expect those parameters approach to 0 and 1 which
is a trivial solution in normal quintessence model. But the case I shows those asymptotic
values are some intermediate values between 0 and 1. Then, we may explain the observed
values (coincidence problem) by the asymptotic ones. We need not to fine-tune the present
time.
5.4 Observational Constraints
We now study whether we can explain the coincidence problem of dark energy and dark
matter or not. We assume that the Universe at present is described by the scaling solution
I.
From observations, we have the constraints on the cosmological parameters as
wDE = −0.97 ± 0.05, ΩDE = 0.692 ± 0.012, and ΩCDM+B = 0.308 ± 0.012 [47]. Re-
garding the constraint on the coupling constant g, it was shown |g| . 0.13 from the CMB
observation [48]. Although our model is different from their model (the type II tracking
solution with the canonical kinetic term), we expect the coupling constant cannot be so
large. Thus, we assume the upper bound value on coupling as g ≈ 0.1. From the EOS
parameter of dark energy, it gives the strong constraint on γ0 as follows:
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γ0 of the solution I is given by
γ0 = −
g(g + λ)(1 + wφ)
3wφ
. (5.66)
Since the acceleration condition is g > λ/2, we find
γ0 . 3× 10−4  1 . (5.67)
Obviously, because of limit on Lorentz factor, ε must be negative (ε = −1), and then
only the D-BIonic theory can provide such a solution. The condition (5.67) gives very
large value of f0V0. In fact, assuming f0V0  1, we find from Eqs. (5.26) and (5.66)
f0V0 ∼
3w2φ
g(g + λ)(1 + wφ)2
& 105 . (5.68)
By the way there is no upper bound on f0V0 in the D-BIonic theory unlike Eq. (5.29) in
the DBI case.
In addition to the above constraint, we have another constraint for the screening
at smaller scale. Namely, according to [17], the solar system constraints on the D-BIonic
theory is
√
gΛ . 4× 10−5 eV ,
where Λ is a mass scale of the screening. Comparing our exponential form of f(φ) to the
original paper of the D-BIonic theory, we obtain
|f(φ)| = f0e−µφ0 = Λ−4 & 3.9× 1015 eV−4 , (5.69)
for g = 0.1. Since we assume that the scalar field is the source of dark energy, we find
ρDE = ρφ =
γ20
γ0 + 1
φ̇|20 + V (φ0) ' V (φ0) ,
where we have used the fact that the kinetic term is very small because γ0  1. For the
potential of the scalar field, from observations on dark energy density we have constraint
as
V (φ) = V0e
−λφ0 ≈ 2.6× 10−47 GeV4 . (5.70)
The multiplication of Eqs. (5.69) and (5.70) yields
f0V0 ≈ 1.0× 105 .
This is the same order of magnitude requiring to satisfy the coincidence problem as
discussed above.
In Fig. 5.4, we present the parameter space (λ, g) which satisfy the solution for the
dark energy problem.
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Using f0V0 = 10
5, λ = 0.05, and g = 0.1, which is shown by the red circle in Fig.
5.4, we obtain
Ωφ ≈ 0.697 ,
Ωm ≈ 0.303 ,
wφ ≈ −0.96 .
These are dark energy density, dark matter density, and the EOS parameter of dark
energy of the Universe as we observed today. Note that the eigenvalues of this fixed point
is
ω± ≈ −1.25± 3.415× 104 i ,
obviously this solution is stable. This also shows the typical time scale to approach the
solution I is one e-folding time. Therefore, by the D-BIonic gravity theory we may be able
to solve the coincidence problem, which is difficult to realise in the coupled quintessence
model.
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(a) λ = 0.5
(b) λ = 1.6
Figure 5.2: The trajectries of numerical solutions of the autonomous equations and fixed
points for the D-BIonic gravity theory. The black thick curve denotes the limiting con-
dition of Ωm = 0 and the black dashed lines correspond to the boundaries of γ = 0. We
choose g = 1, and εf0V0 = −1. (a) The top figure shows that the trajectories of the
solutions converge to the fixed point (x0, y0) = (0.206, 0.978), which is the fixed point
(4) with Ωm = 0 (the solution II). (b) For the bottom figure, the trajectories converge
to another stable fixed point (x0, y0) = (0.378, 0.758) which is the fixed point (5) with
Ωm = 0.28 (the solution I).
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Figure 5.3: The time evolution of the density parameters Ωm and Ωφ in terms of the red
shift z. We choose λ = −µ = 1.6, εf0V0 = −1 and g = 1 just as Fig. 5.2 (b). The values
approach (Ωm,Ωφ) = (0.28, 0.72) at the fixed point (5) (the solution I).
Figure 5.4: The existence regions of two accelerating solutions I and II, in the parameter
space (λ, g) for the D-BIonic (ε = −1). We set f0V0 = 105. The red dashed curve (g = gcr)
and the blue dot-dashed line (λ = λcr) are almost the same. The green curve represents
Ωm = 0.3, while the black dashed lines give wφ = −0.97,−0.95 and −0.9, respectively
from the above. The red solid lines denote p = 1. The red circle corresponds to the
parameters we adopted (λ = 0.05, g = 0.1).
Chapter VI
CONCLUSIONS
Screening mechanism is a mechanism to hide fifth force from observations and solar-
system experiments. The fifth force arises from an interaction between scalar field and
matter field which can occur in modified gravity theories, where gravity must be modify
in order to explain the accelerating universe. Therefore, screening mechanism has relation
to the dark energy problem. Until now, a number of screening mechanisms have been
proposed. However, it is not all of them success to explain dark energy. Some of them
need to improve or research on large scale and small scale.
In chapter 4, we find effects of the fifth force of the chameleon scalar field on rotation
curves of low-surface-brightness galaxies. The fifth force is radially outward direction
because we use singular solution of the scalar field, then circular velocity decreases around
the centre of galaxies. This phenomenon occurs in all of dark matter halo profiles, and
also all of galaxies that we use. By comparing to observations, we can constrain the
coupling constant between the chameleon scalar field and matter, which is in the order
of 10−3.
In chapter 5, we study cosmological dynamics of the D-BIonic screening mechanism.
Interestingly, besides dark energy dominated solution, we find the scaling solution which
solves both the dark energy problem and the coincidence problem. Although the scaling
solution also arise in the couple quintessence model, it is difficult to occur because it
requires a large coupling constant which contradicts with observations from CMB. While
the scaling solution by the D-BIonic model can realise by a small coupling constant.
Hence, the D-BIonic model can successfully drive the accelerating universe, and gives
dark energy density and matter density as observed values.
Therefore, the dark energy model which possesses a screening mechanism is rele-
vant to cosmology because it can solve not only the dark energy problem but also the
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Fifth Force from Disformal Transformation
Disformal transformation is the most general transformation which preserves causal-
ity [50]. The relation between physical and gravitational metrics is
ḡµν = C(φ,X)gµν +D(φ,X)∂µφ∂νφ , (A.1)
where X is a kinetic term of a scalar field. Thus, transformation on Christoffle symbol








ḡµλ (∇αḡβλ +∇β ḡλα −∇λḡαβ) . (A.2)
If a particle moves along geodesics in the disformal frame, we find
E2(¨̄xµ + Γ̄µαβ ˙̄x
α ˙̄xβ) = ẍµ + Γµαβẋ
αẋβ + κµαβẋ
αẋβ − ẋµẋν∂ν lnE = 0 , (A.3)
where E2 ≡ C − D∂αφ∂βφẋαẋβ. When we consider force on a test mass (acceleration),
we can change µ→ i, then
ẍi + Γiαβẋ
αẋβ + κiαβẋ
αẋβ − ẋiẋν∂ν lnE = 0 . (A.4)
In non-relativistic limit we can ignore the last term on r.h.s., we obtain
ẍi + Γiαβẋ
αẋβ + κiαβẋ
αẋβ = 0 , (A.5)
or
ẍi + Γi00 = −κi00 , (A.6)
















. Assuming that disformal factors depend on a scalar field
only, namely C(φ,X)→ C(φ) and D(φ,X)→ D(φ), and we consider flat space. We find



























In the limit γ → 1, It is the same as the fifth force from the conformal transformation.
This means that for a static astrophysical object we cannot constrain the disformal effect,
D(φ).
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